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Suppose that f [ Zuxu. Put Df(n) 5 minhk . 0 u f(1), . . . , f(n) are pairwise
incongruent modulo kj. Special cases of this function were previously considered,
using methods from elementary number theory. Results from the theory of finite
fields are used to prove a theorem that for all f in a large subset of Zuxu provides
a characterization of Df (n) for all n sufficiently large. This theorem partially encom-
passes results due to Bremser, Schumer and Washington and to Moree and Mullen,
who characterized Df(n) for cyclic, respectively, Dickson polynomials.  1996 Aca-
demic Press, Inc.
1. INTRODUCTION
Suppose that f [ Zuxu. For an arbitrary positive integer n, let Df (n) denote
the smallest positive integer k such that f(1), . . . , f(n) are pairwise distinct
modulo k. In case this number does not exist, we put Df (n) 5 y. In this
paper we will consider the problem of characterizing the function Df for a
given polynomial f. Throughout the paper we assume that deg f . 1.
Whenever Df (n) 5 y for some n, this characterization reduces to a finite
problem and so one might as well restrict oneself to those f that act in-
jectively on N. Arnold et al. [1] were the first to consider Df (n) for some
f. They considered Dx2 (n), baptized it discriminator, and used this function
in developing an algorithm to quickly calculate square roots of a long
sequence of integers. The next case considered was f 5 x j for arbitrary j
with Dxj (n) denoted by D( j, n). Schumer [13] considered the cases where
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j 5 3 and 6, and in [14], Schumer and Steinig considered the case j 5 2h
for h $ 2. Barcau [2] resolved the case where j is an odd prime. The main
result in the case f is a cyclic polynomial is due to Bremser et al. [3].
It gives an asymptotic characterization, that is, characterization for all n
sufficiently large, of D( j, n) and for j is odd is reproduced in Theorem 1.
In the statement of Theorem 1, as in the rest of this paper, the letter p is
used to denote a prime. Furthermore w(k) denotes Euler’s totient and
(a, b) denotes the greatest common divisor of a and b.
THEOREM 1. Let j $ 3 be odd and let Bj be the smallest integer such that
for all n $ Bj , there exists a prime p with (p 2 1, j) 5 1 and n # p ,
4n/3. Then for n $ Bj ,
D( j, n) 5 minhk $ n u ( j, w(k)) 5 1 and k is squarefreej.
By the Prime Number Theorem for arithmetic progressions (see, for
example, [5, Chaps. 20 and 22]) there is always a prime p ; 2 (mod j) in
[n, 4n/3) for n sufficiently large, and so Bj exists. Moree and Mullen [10]
considered Df (n) with f a Dickson polynomial. The Dickson polynomial
of degree j $ 1 and parameter a [ Z is defined by
gj (x, a) 5 O[ j/2]
i50
j
j 2 i Sj 2 ii D (2a)i xj22i,
where [?] denotes the greatest integer function. It can be shown that
gj (x, a) [ Z[x]. Notice that gj (x, 0) 5 x j. In what follows we will reserve
the term Dickson polynomial for polynomials gj (x, a) with a ? 0. For a
wealth of further material on Dickson polynomials, the reader is referred
to [7]. Moree and Mullen [10, Theorem 9] gave the following asymptotic
characterization of Dgj(x, a)(n):
THEOREM 2. Let a [ Z. Put ca(k) 5 w(k)Ppuk,p;a (p 1 1) and define
the a-part of k to be the largest divisor of k having only prime factors dividing
a. Let j $ 3 be odd and if a ? 0 suppose that furthermore 3 ; j. Let Ej be
the smallest integer such that for all n $ Ej there exists an integer k having
squarefree a-part with ( j, ca(k)) 5 1 and n # k # 2n 2 3. Then, for every
n $ Ej ,
Dgj(x, a)(n) 5 minhk $ n u ( j, ca (k)) 5 1 and the a-part of k is squarefreej.
The existence of Ej is guaranteed by the Prime Number Theorem for
arithmetic progressions. Notice that Theorem 2 strengthens Theorem 1. In
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the case 6 ; a it can even be shown that the conclusion of Theorem 2 is
valid for all n $ 1 [10, Theorem 9 (iii)].
Let R be a finite commutative ring. A polynomial f [ R[x] is said to be
a permutation polynomial of R if it permutes the elements of R under the
evaluation mapping. It is known [10, Lemma 11 (iii)] that for j . 1,
gj (x, a) permutes Z/kZ if and only if ( j, ca(k)) 5 1 and the a-part of k is
squarefree. Thus Theorem 2 gives a characterization of the form Df (n) 5
minhk $ n u f permutes Z/kZj, with f a Dickson polynomial or cyclic
polynomial. The question that arises is to find necessary and sufficient
conditions for f to have an asymptotic characterization of the above form.
The main result of this paper gives an asymptotic characterization of Df (n)
for a large set of f [ Z[x] including cyclic and Dickson polynomials. Before
stating the result we give some notation. Put Vf (k) 5 uh f(a) u a [ Z/kZju.
Thus, Vf (k) is the cardinality of the value set of f over Z/kZ. Put
S( f ) 5 suphVf (p)/p u Vf (p) , pj and C( f ) 5 maxh2/3, S( f )j. For given
e . 1 and f let ne denote the smallest integer $4 such that [n, en] contains
at least one integer k such that f permutes Z/kZ for every n $ ne if it exists.
Denote n1/C( f ) by n( f ) if it exists.
THEOREM 3. Suppose that n( f ) exists. Then, for every n $ n( f ),
Df (n) 5 minhk $ n u f permutes Z/kZj.
In Section 2 a proof of Theorem 3 will be given. Here we will content
ourselves with a discussion of the key idea.
For convenience put Kf 5 hk $ 1 u f permutes Z/kZj and Mf (n) 5
minhk $ n u k [ Kfj. The polynomials xj and gj (x, a) with j odd and
in the latter case j not divisible by 3 are special in that they permute
Z/pZ for infinitely many primes p. By the Chinese Remainder Theorem
it then follows that there are ‘‘many’’ integers in Kf (‘‘many’’ is specified
in Section 4 of [10]). The consequences of this are twofold. First, any
integer k $ n that is in Kf yields an upper bound for Df (n). In particular
Df (n) # Mf (n). Proving the reverse inequality is the difficult part in
establishing Theorems 1 and 2. For this it turns out to be essential that
Mf (n)/n is sufficiently close to 1. That this is indeed the case is the
second consequence of the ubiquity of the integers k such that f permutes
Z/kZ. A little finite field theory leads immediately to an explanation of
why one needs Mf (n)/n to be small. Mullen [12] conjectured and Wan
[19] proved the following result.
LEMMA 1. Suppose that f does not permute Z/pZ with p a prime. Then
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Vf (p) # Fp 2 p 2 1d G # p S1 2 12dD,
where d denotes the degree of f.
Lemma 1 declares that ‘‘near’’ permutation polynomials do not exist.
Wan used p-adic methods to prove this result. Very recently Lenstra (un-
published manuscript) and independently Turnwald [18] found an elemen-
tary proof of Wan’s result. Lemma 1 trivially extends to squarefree integers;
that is, Vf (k) # k(1 2 1/(2d)), for squarefree k in case f does not permute
Z/kZ. Now suppose that there exists c , 1 such that Vf (k) # ck for all
positive integers k such that f does not permute Z/kZ. Then, provided that
Mf (n)/n , 1/c, we must have Df (n) 5 Mf (n). A validation of this claim is
as follows. Put k 5 Df (n). Note that n # k , n/c. By the definition of the
discriminator Vf (k) $ n . kc and so f must permute Z/kZ. Using the
definition of Mf (n) and Df (n) # Mf (n) it then follows that Df (n) 5 Mf (n).
This simple argument is at the heart of the proof of Theorem 3. Unfortu-
nately the assumption on Vf is not true for all f. (It can be shown, using
Schur’s conjecture [6], that it is not true if and only if f can be written as
a composition of [linear translates of] Dickson polynomials of odd degree
not divisble by 3 and at least one cyclic polynomial of odd degree exceeding
1.) The assumption on Vf , however, is true on restricting oneself to square-
free integers and this turns out to be enough to salvage this approach of
proving Theorem 3. The details are in Section 2.
The above discussion makes it clear that the quantity c( f ) :5 lim supiRy
ki11/ki , where k1 , k2 , . . . denote the consecutive elements of Kf , plays an
important role. The smaller c( f ), the easier it is to prove an asymptotic
characterization result for f. In Section 3 we investigate c( f ) and the exis-
tence of n( f ). With this in mind we partition the set C of polynomials in
Z[x] in four disjoint sets: C 5 C1 < C2,1 < C2,2 < C3 . The set C1 contains the
f for which Kf contains infinitely many primes. The set C2,1 contains the f
not in C1 for which Kf contains exactly one prime p such that pn is in Kf
for every n $ 1, and the set C2,2 contains the f not in C1 for which Kf contains
at least two such primes. Finally the set C3 contains those f for which Kf is
finite. Notice that the polynomials that are not in C3 inject Z into itself, so
characterizing Df (n) for these f is non-trivial in the sense that Df (n) assumes
infinitely many values. Furthermore C1 , C2,1 , C2,2 , and C3 are disjoint and
Kf is infinite if and only if f is in C1 < C2,1 < C2,2 . By the following well-
known lemma (essentially on lifting of congruences), the condition that f
is a permutation polynomial modulo pn for every n $ 1 is equivalent to
the condition that f is a permutation polynomial modulo p2.
LEMMA 2 [7, Corollary 4.3]. Suppose f permutes Z/pZ. If the congruence
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f 9(x) ; 0 (mod p) does not have a solution, then f permutes Z/pnZ for every
n $ 1, otherwise f permutes Z/pnZ for n 5 1 only.
We will show that Theorem 3 works (i.e., that n( f ) exists) for all f in C1 ,
C2,2 and for a non-empty subset of C2,1 . In particular, since cyclic polynomials
of odd degree and Dickson polynomials of degree coprime to 6 are in C1 ,
variants of Theorems 1 and 2 follow from Theorem 3 (cf. Examples 1 and
2). It is not difficult to show that C2,2 has a subset having positive density
in the set C and that C1 has density zero (cf. Section 4). Thus Theorem 3
extends greatly the set of polynomials f for which Df (n) can be asymptoti-
cally characterized.
So far we have focused on characterizing discriminators. There is more
to discriminators, however. Notice that Df(g)(n) $ Dg(n) ( f (g) denotes
f (g(x)), the composition of f and g). In particular it follows that
D( jk, n) $ D( j, n) for arbitrary natural numbers j, k, and n. So D( j, n)
respects the multiplicative ordering of N in the first variable and the additive
ordering in the second variable. Not surprisingly the behavior of D( j, n)
for fixed j is quite different from that for fixed n. For the latter see [9, 11].
To give an example from [9], using the technique that allowed Adleman,
Fouvry and Heath-Brown to establish the first case of Fermat’s Last
Theorem for infinitely many prime exponents it can be shown that
D( j, n) 5 O((log j)9/4). For Dickson polynomials there is a result
analogous to D( jk, n) $ D( j, n). Put G( j, n) 5 Dgj(x,1)(n). Then using
that gkj(x, 1) 5 gk(gj (x, 1), 1) one finds that G( jk, n) $ G( j, n).
2. PROOF OF THEOREM 3
In this section we give the proof of Theorem 3.
Proof of Theorem 3. Assume that n $ n( f ). By assumption there is at
least one integer k in [n, n/C( f )] such that f is a permutation polynomial
modulo k. Let m be the smallest of these. Then f(1), . . . , f(m) are pairwise
distinct modulo m and so are f(1), . . . , (n) 5 f(n); that is, Df (n) # m.
Since m [ [n, n/C( f )] we have n $ C( f )m. Put r 5 Df (n). Using the
pigeonhole principle we find that n # r # m. We have to show that r 5
m. So assume that n # r , m. Then f cannot be a permutation polynomial
modulo r. We have Vf (r) $ n $ C( f )m . C( f )r. Let r denote the squarefree
part of r. Since for an arbitrary prime q and h $ 1, Vf (qh) # qh21Vf (q), it
follows that (r/r)Vf (r) $ Vf (r) . C( f )(r/r)r and so Vf (r) . C( f )r. By
the Chinese Remainder Theorem Vf (g) # C( f )g for all squarefree positive
integers g such that f does not permute Z/gZ. It follows that f permutes
Z/rZ, and since f does not permute Z/rZ, there must be a prime power pe
dividing r such that f permutes Z/pZ, but not Z/peZ. From this and Lemma
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2 the existence of 1 # x0 # p with f 9(x0) ; 0 (mod p) follows. For every
integer v we have f(x0 1 vpe21) ; f(x0) 1 vf 9(x0)pe21 ; f(x0) (mod pe).
Using the Chinese Remainder Theorem it follows from this that f(x0) ;
f(x0 1 r/p) (mod r). In case p 5 2 we have x0 1 r/p # 2 1 r/2 , 2 1
3n/4 # n 1 1, since r , m # n/C( f ) # 3n/2 and n $ n( f ) $ 4. Otherwise
we have x0 1 r/p # p 1 r/p # 2r/p , 3n/p # n. Since 1 # x0 , x0 1
r/p # n and f(x0) ; f(x0 1 r/p) (mod r), we have a contradiction with the
definition of r. It follows that r 5 m and this proves the result. n
3. THE EXISTENCE OF n( f )
In this section we work out the form Theorem 3 takes for polynomials
in the sets C1 , C2,2 , and C2,1 (note that Theorem 3 does not apply for f in
C3). First we make a preliminary remark on the existence of n( f ).
PROPOSITION 1. Let d denote the degree of f. Suppose that n(2d/(2d21))
exists; then n( f ) exists.
Proof. Suppose that C( f ) # c , 1 and that n1/c exists. Then n( f ) 5
n1/C( f ) # n1/c and so n( f ) exists. Since by Lemma 1, C( f ) # 1 2
1/(2d) , 1, the proposition follows. n
The following proposition facilitates the estimation of C( f ) (5 maxhSd,
S( f )j) and S( f ).
PROPOSITION 2. Suppose that there exists a prime p satisfying
maxHVf (q)q U Vf (q) , q, q prime, q # pJ# dp 2 p 1 1dp . (1)
Then S( f ) # (dp 2 p 1 1)/dp. Furthermore if equality holds in (1), then
S( f ) 5 (dp 2 p 1 1)/dp.
Proof. By Lemma 1, Vf (q) # [q 2 (q 2 1)/d] # q 2 (q 2 1)/d and so
Vf (q)/q # (dq 2 q 1 1)/dq provided that Vf (q) , q. Since (dq 2 q 1 1)/
dq is monotonic decreasing in q, the assumption (1) implies suphVf (q)/q u
Vf (q) , q, q . pj , (dp 2 p 1 1)/dp and so S( f ) # (dp 2 p 1 1)/dp.
The last part of the assertion is obvious now. n
3.1. The Set C1
The set C1 is very well understood. Schur conjectured (but see [17]),
and Fried [6] proved (but see [16]), that up to linear translations, every
polynomial that permutes Z/pZ for infinitely many primes p, i.e., every
DISCRIMINATING POLYNOMIAL VALUES 327
polynomial in C1 , can be written as the composition of cyclic and Dickson
polynomials. For a polynomial f in C1 for which one knows a decomposition
in terms of cyclic and Dickson polynomials, the integers k such that f
permutes Z/kZ can be determined using the following lemma.
LEMMA 3 [10, Lemma 11(iii)]. For j . 1, gj(x, a) permutes Z/kZ if and
only if ( j, ca(k)) 5 1 and the a-part of k is squarefree.
Furthermore Lemma 3 allows one to conclude that f permutes Z/pZ for
all primes p ; 2 (mod d) that are sufficiently large, where d is the degree
of f. Using the Prime Number Theorem for arithmetic progressions it
follows that ne exists for every e . 1, and by Proposition 1 so does n( f).
Thus we arrive at
THEOREM 3 (C1). Suppose that f is in C1 . Then n( f) exists and, for every
n $ n( f),
Df (n) 5 minhk $ n u f permutes Z/kZj.
EXAMPLE 1. Consider f(x) 5 x j for odd j . 1. It is an easy exercise to
show that Vf (p) 5 (p 2 1)/( j, p 2 1) 1 1. Since Vf (p) 5 p for p ; 2 (mod
j), f is in C1 . Using that f permutes Z/2Z, Z/3Z, and Z/5Z, one finds that
S( f) # Dj and C( f) 5 Sd. It is easy to check that D( j, n) 5 Mf (n) for 1 #
n # 3 and so the condition n( f) $ 4 can be dropped. Using Theorem 3
(C1) and Lemma 3, one finds Theorem 1 with 4n/3 replaced by (3n 1 1)/
2 (which sharpens Theorem 1).
EXAMPLE 2. Consider f(x) 5 g j(x, a), a ? 0, j $ 5 odd and not divisible
by 3. Using a precise result for Vgj(x,a) [7, Theorem 3.27] one finds S( f) #
aaJ and C( f) 5 Sd. As in Example 1 it can easily be seen that the condition
n( f) $ 4 can be dropped. On applying Theorem 3 (C1), Lemma 3, and the
previous example, Theorem 2 with 2n 2 3 replaced by 3n/2 results (which
is weaker).
Notice that ne exists for every e . 1 if and only if c( f) 5 1. So for f in
C1 we have c( f) 5 1.
3.2. The Set C2,2
For polynomials in this set Theorem 3 takes the following form.
THEOREM 3 (C2,2). Let f be a polynomial in C2,2 . Let p1 , . . . , ps
(s $ 2) denote the primes such that f permutes Z/p2i Z and q1 , . . . , qt denote
the primes such that f permutes Z/qiZ, but not Z/q2i Z. Then n( f) exists and,
for every n $ n( f),
Df (n) 5 minhk $ n u k 5 pa11 ? ? ? pass qb11 ? ? ? qbtt ,
(a1 , . . . , as , b1 , . . . , bt) [ Zt1s$0 , bi # 1, i 5 1, . . . , tj.
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To prove this, we need the following result, the proof of which depends
on some of the most elementary properties of continued fractions.
LEMMA 4. Let S 5 hp1 , . . . , psj be a finite set of primes with s $ 2.
Then for any given e . 1 there exists an integer ne such that for every
n $ ne the interval [n, en] contains at least one integer having all its prime
divisors in S.
Proof. It suffices to prove the assertion with S 5 hp, qj and p , q, p
and q primes. Put a 5 log p/log q. Notice that a is irrational (otherwise it
follows that pa 5 qb for some a, b $ 1, which is impossible by the Fundamen-
tal Theorem of Arithmetic). Let rn/sn denote the nth convergent of the
continued fraction expansion of a. Since a is irrational, rn and sn tend to
infinity with n and we can choose n so large that q1/sn # e. Since, as is well
known, a 2 rn/sn alternates sign, we can choose in addition n to be such
that a 2 rn/sn is positive. Using that for convergents of irrational numbers
one has 0 , ua 2 rk/sku , 1/s2k (k $ 1), we see that 1 , psn/qrn , q1/sn # e
and 1 , qrn11/psn11 , q1/sn11 # q1/sn # e. In order to prove the assertion it is
enough to construct a sequence of integers hnijyi51 with ni , ni11 # eni and
ni of the form paiqbi with ai , bi $ 0. Put n1 5 psn11qrn. For any integer of
the form paqb not less than n1 we must have a $ sn11 or b $ rn . Write
ni 5 paiqbi for i $ 1, and put ni11 5 pai2sn11qbi1rn11 whenever ai $ sn11 and
ni11 5 pai1snqbi2rn otherwise. Since ni , ni11 # eni and ni is an integer for
every i $ 1, the assertion is established. n
Remark. Using Baker-type results on linear forms of logarithms one
can prove much more, see, e.g., [15].
COROLLARY. For f in C2,2 we have c( f ) 5 1.
Lemma 4 shows that ne (e . 1) exists for f in C2,2 . Thus, by Proposition
1, n( f ) exists and so Theorem 3 (C2,2) immediately follows from Theorem 3.
EXAMPLE 3. Put f (x) 5 x5 1 x3 2 x. Using Table 7.1 of [8] it is readily
determined that 2, 3, and 5 are the only primes p such that f permutes
Z/pZ. Furthermore, f permutes Z/4Z, Z/9Z, and Z/25Z. Application of
Proposition 2 with p 5 7 yields C( f ) # SdLg. Consider the sequence hnijyi50
with n5k 5 241k ? 3, n115k 5 211k ? 33, n215k 5 261k, n315k 5 231k ? 32, and n415k 5
2k ? 34 (k $ 0). Since ni11 , DsGl ni for i $ 0, we conclude that n( f ) #
n0 5 48. By Theorem 3 (C2,2) it follows that for n $ 48, Df (n) 5
minhk $ n u k 5 2a ? 3b ? 5cj. In fact some further computation shows that
this result already holds for n $ 1.
3.3. The Set C2,1
The polynomials in this set have enough ‘‘permutational power’’ to ensure
that there are infinitely many k for which f permutes Z/kZ, but not enough
to make life easy; we shall show that this set contains polynomials for which
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n( f ) exists and polynomials for which n( f ) does not exist. The criterion to
decide which case applies is seen to depend on C( f ) and c( f ). For f in C2,1
the latter quantity is computed most easily by the help of a certain directed
graph. The structure of the graph depends only on certain numbers coming
from f and so can be introduced in a polynomial-independent way.
Let q $ 2 and D $ 1 be arbitrary positive integers and e . 1 any real
number. Based on these data only we construct a directed graph Ge . To
each positive divisor d of D we associate a vertex Vd . We draw a directed
edge from a vertex Vd1 to a vertex Vd2 if and only if w :5 minhq
nd2/d1 u
n [ Z, qnd2/d1 . 1j # e. The number w is defined to be the weight of the
directed edge. We do not require d1 to be distinct from d2 . Notice that the
number of vertices of Ge is equal to the number of positive divisors of D.
In case e $ q all edges do occur. There are no edges when e is smaller
than the smallest weight in Gq . The weight of a path is defined as the largest
weight of the edges in the path.
LEMMA 5. Let q $ 2 and D $ 1 be integers and e . 1 be a real number.
There exists ne such that for every n $ ne the interval [n, en] contains a
number m of the form m 5 qad, where d is a divisor of D, a is a non-
negative integer, if and only if the graph Ge contains a closed path.
Proof. ⇒ The assumption implies the existence of a sequence hnijyi51
with ni , ni11 # eni and ni 5 qaidi , where di divides D. Using our definition
of weight, it follows that in Ge the edges Vdi and Vdi11 are connected by a
directed edge. Thus the sequence hnijyi51 corresponds with a path in Ge .
Since Ge has only finitely many vertices, there has to be a closed path in Ge .
⇐ By assumption Ge contains a closed path. Let Vd1 , . . . , Vds denote
the vertices on this path and w1 , . . . , ws the weights corresponding to
these vertices. We extend the closed path to an infinite path by extending
it by itself infinitely often, e.g., Vd1 5 Vd11s 5 Vd112s 5 ? ? ? . It suffices to
construct an infinite sequence hnijyi51 of integers ni satisfying ni11 # eni ,
ni11 . ni with ni of the form qaidi , where di divides D. To each vertex Vdj
in the path, we will construct a number nj ; we put nj 5 qNd1 P
j
i51 wi , where
N for the moment is an arbitrary integer. Notice that
d1 P
j
i51 wi 5 dj11qaj, (2)
with aj [ Z. Thus, we can choose N so large that nj is an integer for j 5
1, . . . , s 2 1. Fix such a value of N. On choosing j 5 s in (2) we see that
P ji51 wi is a power of q. Since all weights exceed 1, P
s
i51 wi 5 qn for some
n . 0. It follows that nj is an integer for every j $ 1. Furthermore
nj11 . nj and nj11 5 wj11nj # enj . Thus our sequence has all the required
properties. n
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DEFINITION. Let e(q, D) be the smallest e for which Ge contains a
closed path.
Using that Gq contains a closed path (e.g., the edge connecting V1 with
itself), we conclude that e(q, D) exists. Notice that if D1 divides D2 , then
e(q, D2) # e(q, D1). By Lemma 5, e(q, D) is the smallest e such that
there exists ne such that for every n $ ne the interval [n, en] contains a
number of the form m 5 qad, where d divides D. Since the product of the
weights in a closed path is at least q, the number of vertices s in a closed
path in Ge(q,D) satisfies s $ log q/log e(q, D). This shows that D must have
many divisors in order for e(q, D) to be close to 1. The following result,
first proved by Zieve, shows that lim infDRy e(q, D) 5 1.
PROPOSITION 3. Let a, d, and q be natural numbers with a . q and a
and d coprime. For every d . 0 there exist s and primes q1 , . . . , qs in a,
a 1 d, a 1 2d, . . . such that e(q, q1 ? ? ? qs) # 1 1 d.
Proof. Let hpijyi50 be the sequence of consecutive primes in a, a 1 d,
a 1 2d, . . . . Let n0 be such that p0 , qn011. For n $ n0 put pin 5
minhpr u pr . qnj and pjn 5 maxhpr u pr , q
n11j. Using the Prime Number
Theorem for arithmetic progressions it follows that limiRy pi11/pi 5 1,
so there exists n such that pi/pi21 # 1 1 d for i 5 in , . . . , jn 1 1. Put
q0 5 qn, q1 5 pin , q2 5 p11in , . . . , qs 5 pjn and mb1r(s11) 5 q
rqb for 0 #
b # s, r $ 0. Notice that 1 , mi11/mi # 1 1 d for every i $ 1. Thus e(q,
q1 ? ? ? qs) # 1 1 d. n
EXAMPLE 4. Take q 5 2 and D 5 3 ? 13. Then e(2, 39) 5 AaHd. The shortest
closed path, 1 R 39 R 3 R 13 R 1, is unique. The weights for this path
are DdLs, AaHd, AaDs, AaHd, respectively.
We are now in a position to prove
THEOREM 3 (C2,1). Let f be a polynomial in C2,1 . Let p be the unique
prime such that f permutes Z/p2Z and let q1 , . . . , qt be the primes different
from p such that f permutes Z/qiZ. Suppose that C( f)e(p, q1 ? ? ? qt) # 1.
Then n( f) exists and for every n $ n( f)
Df (n) 5 minhk $ n u k 5 paqb11 ? ? ? qbtt , (a, b1 , . . . , bt) [ Zt11$0 , bi # 1,
i 5 1, . . . , tj.
If C( f) e(p, q1 ? ? ? qt) . 1, then n( f) does not exist.
Proof. By the definition of e(p, q1 ? ? ? qt) and Lemma 5 it follows that
ne(p,q1 ??? qt) exists. Since by assumption 1/C( f) $ e(p, q1 ? ? ? qt), n( f) 5
n1/C( f) # ne(p,q1 ??? qt) . It follows that n( f) exists. If 1/C( f) , e(p, q1 ? ? ? qt)
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then by Lemma 5 and the definition of e(p, q1 ? ? ? qt) it follows that n( f)
does not exist. n
The constant e(p, q1 , . . . , qt) appearing above is none other than c( f ):
PROPOSITION 4. Let f be in C2,1 . Let p be the unique prime such that f
permutes Z/p2Z and let q1 , . . . , qt be the primes different from p such that
f permutes Z/qiZ. Then c( f) 5 e(p, q1 ? ? ? qt). In particular c( f) . 1.
Proof. Put D 5 q1 ? ? ? qt . Since ki11 # c( f)ki for all i sufficiently large,
[n, c( f)n] contains an element of Kf for every n sufficiently large. Thus,
by Lemma 5, Gc( f) contains a closed path and hence c( f) $ e(p, D). Since
Ge(p,D) contains a closed path, it follows by Lemma 5 again that ki11 #
e(p, D)(ki 1 1) for i sufficiently large; that is, c( f) # e(p, D). Since e(p,
D) equals the weight of some edge in Gq and a weight always exceeds one,
the final part of the assertion follows. n
EXAMPLE 5. Consider f(x) 5 x5 1 117x3 1 78x2 1 39x. Using Table
7.1 of [8] one concludes that 2, 3, and 13 are the only primes p such that
f permutes Z/pZ. Moreover, f permutes Z/4Z, but permutes neither Z/9Z
nor Z/169Z. Application of Proposition 2 with p 5 31 yields C( f) # SdGa. By
Example 4, e(2, 39) 5 AaHd, so e(2, 39)C( f) # Ff:;:d , 1 and thus f satisfies the
condition of Theorem 3 (C2,1). Using the sequence hnijyi50 defined by n4k 5
251k, n114k 5 2k ? 3 ? 13, n214k 5 241k ? 3, n314k 5 221k ? 13 (k $ 0), one finds
n( f) # 32. So e(2, 39)C( f) # Ff:;:d , 1 and thus Df (n) 5 minhk $ n u k 5
2ad, d u 39j, for every n $ 32. This result even holds for n $ 1.
EXAMPLE 6. Consider f(x) 5 x5 1 3x3 1 3x. Using Table 7.1 of [8] one
concludes that 2 and 3 are the only primes p such that f permutes Z/pZ.
Moreover, f permutes Z/4Z, but does not permute Z/9Z and so is in C2,1 .
Since Vf (29) 5 23, C( f) $ SsDl. Since e(2, 3)C( f) $ HgLk . 1, f does not satisfy
the condition of Theorem 3 (C2,1) and moreover the number n( f) does
not exist.
If d $ 3, f [ C2,1 , c( f) , d/(d 2 1), and c( f)C( f) . 1, there exists
a [ Z such that a ? f [ C2,1 and c(a ? f)C(a ? f) # 1, and hence a characteriza-
tion for Da ? f (n) as given by Theorem 3 (C2,1) holds, whereas Theorem 3
(C2,1) does not guarantee the existence of such a characterization for Df (n).
Let q be a prime so large that 1/c( f) $ (dq 2 q 1 1)/(dq). Take a 5
Pr#q,rÓKf r, with r prime. Then a ? f [ C2,1 . Furthermore C(a ? f) # (dq 2
q 1 1)/(dq) and c(a ? f)C(a ? f) 5 c( f)C(a ? f) # 1.
Although for the polynomial of Example 6, n( f) does not exist, computa-
tion suggests that for all n $ 1, a characterization as given by Theorem 3
is valid. Thus it seems that the sufficient criterion C( f)e # 1 for the existence
of an asymptotic characterization as given by Theorem 3 (C2,1) is not neces-
sary. Obviously a necessary condition for the existence of such a character-
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ization is that f permutes Z/kZ for infinitely many k. The next example
shows that this condition is not sufficient.
EXAMPLE 7. (Zieve [20]). Put f(x) 5 5x3 2 2x. Using Table 7.1 of [8]
one concludes that f permutes Z/kZ if and only if k is a power of 5 or twice
a power of 5. So f(a) ; f(b) (mod 5m) yields a ; b (mod 5m); furthermore
f(a) ; f(b) (mod 4) yields that a and b must be both even or a ; b (mod
4). Put n 5 1 1 2 ? 5m. It follows that f(1), f(2), . . . , f(n) are distinct
modulo 4 ? 5m. But 2 ? 5m , n , 4 ? 5m , 5m11, so Df (n) cannot be a power
of 5 or twice a power of 5. Since m is arbitrary, an asymptotic characteriza-
tion as given by Theorem 3 (C2,1) cannot exist.
EXAMPLE 8. Along the lines of Example 7, Zieve showed in [21] that
the discriminator of the polynomial f(x) 5 3px3 2 6q1 ? ? ? qt x, where the
qi are odd satisfying qi ; 2 (mod 3) for 1 # i # t and q1 ? ? ? qt , p, does
not have an asymptotic characterization as given by Theorem 3 (C2,1). Drop
the condition p . q1 ? ? ? qt and assume p $ 5. By Proposition 3 there exist
s and primes qi . p satisfying qi ; 2 (mod 3) for 1 # i # s such that
e(p, 2q1 ? ? ? qs) # AaGa. Then C( f)c( f) 5 C( f)e(p, 2q1 ? ? ? qs) # 1 and so
an asymptotic characterization as given by Theorem 3 (C2,1) exists.
Example 8 shows there are polynomials of degree 3 in C2,1 with asymptotic
characterization. Working a little bit harder we can show there are polyno-
mials with this property of arbitrary degree $2 in this set. In order to show
this we use the following two results, the first of which is due to Cohen [4]
and answers a conjecture of Chowla and Zassenhaus dating from 1968.
LEMMA 6. Let f [ Z[x] be of degree d $ 2. Then for any prime
p . (d2 2 3d 1 4)2 for which f permutes Z/pZ and p does not divide the
leading coefficient of f, there is no integer 1 # c , p for which f(x) 1 cx
also permutes Z/pZ.
LEMMA 7. Let f be of degree d $ 2 and c a non-zero integer. Then not
both f(x) and f(x) 1 cx can permute Z/pZ for infinitely many primes p.
Proof. Suppose that both f(x) and f(x) 1 cx permute Z/pZ for infinitely
many primes p. Then both of them are compositions of Dickson polynomials
(of degree not divisible by 3) and cyclic polynomials of odd degree. Using
Lemma 3 we conclude that both will permute Z/pZ for all primes p ; 2
(mod d) that are sufficiently large. Let p . maxh(d2 2 3d 1 4)2, ucuj be
such a prime. Then Lemma 6 yields a contradiction. n
LEMMA 8. Let d $ 2. There exist polynomials of degree d in C2,1 that
have an asymptotic characterization as given by Theorem 3 (C2,1).
Proof. Put f 5 89x2 1 2x. Notice that C( f)c( f) 5 C( f)e(89, 2) 5 SsGhHj.
The case d 5 3 has been dealt with in Example 8, so we may take d $ 4.
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By Proposition 3 there exist s and primes qi . p satisfying qi ; 2 (mod 3)
for 1 # i # s such that e(p, 2q1 ? ? ? qs) # 2d/(2d 2 1). Consider
f1(x) 5 pq1 ? ? ? qs xd 1 px3 1 q1 ? ? ? qs x and f2(x) 5 f1(x) 1 q1 ? ? ? qs x.
Both f1 and f2 permute Z/qiZ, but not Z/q2i Z, for 1 # i # s and Z/pnZ for
every n $ 1. By Lemma 7 we can pick one of f1 and f2 , denote it by g, that
is not a permutation polynomial for infinitely many primes. Thus the product
of the primes q such that q2 is in Kg and q ? p is finite. Denote it by a.
Notice that a ? g is in C2,1 . Furthermore
C(a ? g)c(a ? g) # C(a ? g)e(p, q1 ? ? ? qs) # C(a ? g)
2d
2d 2 1
# 1,
where the latter inequality holds by Lemma 1. n
4. DENSITY CONSIDERATIONS
Given a set S of polynomials in Z[x] and an integer n $ 1, we define the
density dn(S) of S as
dn(S) 5 lim
ARy
uSn(A)u
uPn(A)u
,
where Pn(A) 5 h f [ Z[x] u deg f # n and maximum coefficient size
#Aj and Sn(A) 5 S > Pn(A), provided that the limit exists. Put Sp 5
h f [ Z[x] u f permutes Z/p2Zj for a given prime p.
PROPOSITION 5. For n $ 2p 2 1 one has
dn(Sp) 5
(p 2 1)!(p 2 1) p
p2p21
5 e2(p11)Ï2fp S1 1 O S1pDD .
Proof. This is an exercise in linear algebra that is left to the reader.
The latter equality follows on applying Stirling’s formula in the form
n! 5 nne2nÏ2fn(1 1 O(n21)). n
PROPOSITION 6. For n $ 1, dn(C1) 5 0.
Proof. Since a polynomial of even degree cannot be in C1 it follows
that dn(C1) 5 0 for n even, so assume that n is odd. Let A $ 1 be an integer.
Let f be any polynomial in C1 of degree n (e.g., xn) and let q . maxh(d2 2
3d 1 4)2, 2A 1 1j be any prime such that f permutes Z/qZ. Using Lemma
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6 it follows that there are at most (2A 1 1)n polynomials in C1 > Pn(A).
So 0 # dn(C1) # limARy(2A 1 1)n/(2A 1 1)n11 5 0. n
Put S9p :5 h f [ Sp u f Ó C1j. Proposition 6 implies that dn(S9p) 5 dn(Sp).
Since any gj(x, 1) with ( j, p(p2 2 1)) 5 1 is in Sp > C1 , we have S9p ? Sp .
It is not true, however, that C1 is a subset of <p Sp (consider x j with j odd).
Notice that C3 equals the set theoretical complement of <p S9p < C1 and
that C2,2 5 <p,r (S9p > S9r), where the union is taken over all prime pairs
(p, r) with p , r. Using the chinese remainder theorem and Proposition 6
one deduces, for r $ 1, that dn(S9p1 > ? ? ? > S9pr) 5 dn(Sp1)dn(Sp2) ? ? ?
dn(Spr), with p1 , . . . , pr distinct primes. Using this and Proposition 6 it
follows that for n $ 13 the set C3 is contained in a set having density not
exceeding 0.806 (the complement in Z[x] of S92 < S93 < S95 < S97 will do)
and that C2,2 has a subset having density exceeding 0.01 (the set
(S92 > S93) < (S92 > S95) < (S93 > S95) will do). By considering other sets these
two densities can be hardly decreased respectively increased. It thus seems
reasonable to conjecture that dn(C2,1), dn(C2,2), and dn(C3) exist and that
dn(C2,1) P 0.193, dn(C2,2), P 0.01, and dn(C3) P 0.806 for all n large enough.
5. CONCLUSION
In case f is in C1 or C2,2 or in a non-empty subset of C2,1 , there exists an
asymptotic characterization of the form
Df (n) 5 minhk $ n u f permutes Z/kZj.
Recall that Kf 5 hk $ 1 u f permutes Z/kZj and that c( f) 5 lim supiRy
ki11/ki , where k1 , k2 , . . . denote the consecutive elements of Kf . We have
c( f) 5 1 if f is in C1 < C2,2 and c( f) . 1 otherwise. In case f permutes
Z/kZ for only finitely many k, i.e., when f is in C3 , a characterization as
above is impossible. Characterizing Df (n) for these f remains completely
open. The polynomials g j(x, a), a ? 0, j odd, 3 u j belong to this set.
Already a glance at the table in [10] gives the impression that in this case
a characterization (if any exists) will have a very different form.
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